The main result of this paper gives a characterization of neutral elements in lattices by the exclusion of seventeen types of sublattices containing it. The proof involves several generalizations of distributive, standard and neutral elements in lattices which are introduced using certain modular identities.
Introduction
The importance of distributive lattices in the theory of lattices has enabled many mathematicians to define in lattices different types of elements which preserve some properties of distributive lattices. Examples of such types of elements include neutral, standard and distributive elements defined by Birkhoff [1] , Grätzer [2] and Ore [7] , respectively. In this paper several generalizations of the above three types of elements, involving certain modular identities, are introduced by means of which an interesting characterization of neutral elements (Theorem 2.1) in terms of sublattices is obtained.
Definition 1.1 ([4]
). An element d of a lattice L is said to be (1) 
The concepts of dually distributive and dually standard elements are obtained by dualizing (1) and (2) respectively. The notion of a neutral element is self-dual. For any x, y ∈ L, the sublattice generated by {d, x, y} is distributive.
Theorem 1.5 ([9]
). The three elements a, b, c of a lattice L generate a modular lattice if and only if for any permutation (x, y, z) of (a, b, c) the following five equalities hold:
For additional information the books [4, 5, 10] may be referred to.
A characterization of neutral elements
The following is the main result of this paper. Proof of this theorem involves many definitions and results that are given below. The following definition uses certain modular identities. 
for all x, y ∈ L.
By dualizing (1), (2) , (4) and (5), we obtain the notions of dually m-distributive, dually m-standard, dually semim-distributive and dually semi-m-standard elements, respectively. The other two notions defined above are self-dual. The implication diagram of Fig. 18 shows the relationship between various types of elements defined so far. In the diagram the arrow indicates the implication "p ⇒ q" for any element of a lattice. These implication relations will be clear after proving Theorem 2.12.
The following theorem gives many results which may be compared with the corresponding results given in Theorems 1.3 and 1.4. Remark 2.4. Theorem 2.3 will be proved step-by-step. First we make the following observations:
(1) Clearly every distributive element is m-distributive and every m-distributive element is semi-m-distributive. ( 2) The statement (1) of the Theorem has been already proved in [8] . (3) It is also easy to observe that an element d of a lattice L is m-distributive if and only if for x, y ∈ L, x ≤ y ∨(d ∧x) The proofs of the other parts of Theorem 2.3 are based on the following definitions and results.
Definition 2.5 ([4]
). An ordered pair (a, b) of elements of a lattice L is called
The following lemma is an immediate consequence of Lemma 2.1 of [6] (see also [5, 10] ). (1) d is weakly separating.
There are no elements x, y in L such that the sublattice generated by {d, x, y} has the diagram given by the lattice of Fig. 3 .
The following lemma can be easily verified. Lemma 2.7. For an element d of a lattice L, the following statements are equivalent:
There are no elements x, y in L such that the sublattice generated by {d, x, y} has the diagram given by any of the lattices of Figs. 1 and 2.
By combining Lemmas 2.6 and 2.7 and (1) of Theorem 2.3 we obtain the following. The following theorem gives important characterizations of semi-m-neutral elements.
Theorem 2.9. For an element d of a lattice L, the following statements are equivalent: 
(2) ⇒ (3). This follows from Lemmas 2.6 and 2.7 and the dual of Lemma 2.7.
is dually semi-m-distributive and by the dual of (3) of Lemma 2.7
, which is (4). 
Lemma 2.11. Every m-neutral element is m-standard.
Proof. Let d be an m-neutral element of a lattice L. Using (3) of Lemma 2.6 it is clear that d is weakly separating. ( (
Proof. The equivalence of (2) and (3) follows from Lemma 2.10 and its dual. Also (1) ⇒ (2) follows from Lemmas 2.10 and 2.11 and their duals.
(2) ⇒ (4). Since d is weakly separating, by Lemma 2.6, the following equalities hold.
Also by replacing x by d ∨ x in (i) of (2) we obtain
By duality we obtain (2) we obtain
Also replacing x by x ∧ (d ∨ y) in (ii) of (2) we obtain
Using (ii) of (2) and (2.4) we obtain
By duality we obtain
Further, for x, y ∈ L we have,
since d is weakly separating and
(2.9)
By duality, using (2.5) and that d is weakly separating we have,
The above ten equalities from (2.1) to (2.10) together with (2) verify the conditions of Theorem 1.5 for all permutations of three elements d, x, y for all x, y ∈ L.
Thus {d, x, y} generates a modular lattice for any x, y ∈ L. (4) ⇒ (5). This is obvious by Theorem 1.5.
by (ii) of (5). Hence (1) holds. Theorem 2.12 also completes the proof of the remaining parts of Theorem 2.3 and justifies Fig. 18 . Proof. This follows by using Theorem 19 of [3] for the sublattice generated by {d, x, y}, where x, y ∈ L. Lemma 2.14. A weakly separating element d of a lattice L is separating if and only if there are no elements x, y in L such that the sublattice generated by {d, x, y} has the diagram given by any of the lattices of Figs. 14-17.
Proof. Necessity part follows immediately.
To prove the sufficiency, let d be a weakly separating element of L that is not separating. Then there exist x, y ∈ L
Using Lemma 2.6, it follows that, the free lattice L generated by {d, x, y} satisfying these conditions is given by the lattice of Fig. 14 . Since the only congruence relations of L which do not collapse the pair (x, y) are ω,
follows that L must have a sublattice given by one of the four types of lattices given in Figs. 14-17, as desired.
Theorem 2.15. An element d of a lattice L is separating if and only if there are no elements x, y in L such that the sublattice generated by {d, x, y} has the diagram given by any of the lattices of Fig. 3 and from Figs. 14 to 17.
Proof. This follows from Lemmas 2.6 and 2.14. Proof. The necessity part follows immediately from the definition of an m-distributive element.
To prove sufficiency, let a semi-m-neutral element d of a lattice L be not m-distributive. Then, by (3) of Remark 2.4,
First note that without loss of generality we can assume that = y 1 ∨ (d ∧ x). Hence (2.11) can be assumed. Now it is easy to verify that the free lattice L generated by {d, x, y} satisfying (2.11) and such that d is semi-m-neutral in L is given by the lattice of Fig. 6 . Since the only congruence relations of L which do not collapse the pair (d∨x, d∨(x∧y)) are ω, Θ(d∨x, x∨y), Θ(d∨(x∧y), d) and Θ(d∨x, x∨y)∨Θ(d∨(x∧y), d), it follows that L must have a sublattice given by one of the four types of lattices given in Figs. 6-9, as desired. Proof. It is clear from Theorems 2.9 and 2.12 that an element d is m-neutral if and only if d is semi-m-neutral, m-distributive and dually m-distributive. Hence the theorem follows by using these two theorems together with Lemma 2.16 and its dual. Theorem 2.17 together with Corollary 2.13 and Lemma 2.14 yields our main theorem (Theorem 2.1). The results proved in this paper suggest us to make the following definition. In this regard we pose the following open problem for which we conjecture that the answer is negative.
